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Abstract 

This  work  is  intended  to  provide  a  semantics  for  a  fragment  of  a  programming  language  descTibed 
by  Gydrgy  Revesz  in  [Rev88],  for  which  no  model  was  known.  We  begin  with  a  brief  presentation 
of  the  syntax  of  the  lambda  calcnilus  and  some  relevant  extensions.  We  then  describe  a  class 
of  complete  lattices  and  use  them  as  models  for  the  lambda  calculus.  We  then  find  specialized 
sublattices  whicih  we  use  as  models  for  the  extensions  of  the  lambda  calcmlus,  thus  achieving  the 
original  goal  of  finding  a  semantics  for  Revesz’s  language. 
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1  A  List-oriented  Extension  of  the  Lambda  Calculus 

In  this  section,  three  lambda  calcnh  will  be  presented.  The  first  is  the  standard  untyped  lambda 
calculiLs,  and  is  presented  to  standardize  notation  and  provide  the  reader  with  a  review.  The  second 
is  the  lambda  calculus  with  “applicative  lists”,  an  extension  of  the  untyped  lambda  calculus  and 
a  substantial  fragment  of  a  programming  language  presented  by  Gryorgy  Revesz  in  [Rev88].  The 
third  is  another  extension  of  the  imtyped  lambda  calculiLS  —  the  lambda  calculus  with  “exphcdt 
products” ,  another  invention  of  Revesz,  presented  in  [Rev95]  —  which  will  ease  the  transition  from 
finding  a  model  for  the  lambda  calculiLS  to  finding  a  model  for  the  Revesz ’s  language  in  subsequent 
sections. 

1.1  The  Lambda  Calculus 

In  this  section  we  briefly  review  the  definition  of  the  lambda  calcnilus  and  the  axioms  for  converta- 
bility  between  terms,  following  the  presentation  in  [Bar84]. 

Definition  1.1,1  The  set  A  of  terms  is  defined  ind.uctively  as  follows: 

(i)  If  X  is  a  vanoMe  then  x  G  A; 

(ii)  If  X  is  a  mrioMe  and  P  ^  A  then  {\x.P)  G  A; 

(iii)  IfP,Q€A  thenP{Q)€A. 

To  simplify  notation,  we  omit  the  parentheses  aroimd  lambda  expressions  when  there  is  no  ambi¬ 
guity;  e.g.,  (Xx.P)  is  written  \x,P. 

If  a  term  P  G  A  is  an  exact  symbol-by-symbol  cx)py  of  a  term  Q  G  A,  we  write  P  =  Q.  The 
relation  =,  intended  to  denote  semantic  equivalence,  is  axiomatized  by  the  following  rules:  For  all 
terms  P,  Q,  P,  S',  and  all  variables  x, 

(R)  P  =  P; 

(S)  P  =  Q  implies  Q  =  P; 

(T)  P  =  Q  and  Q  =  R  implies  P  —  R\ 

(C)  P  =  Q  and  P  =  S'  imphes  P(P)  =  Q(S'); 

(^)  P  —  Q  implies  \x,P  =  \x.Q\ 

(a)  Xx.P  =  Xz.{z/x}Pj  for  any  2?  which  is  neither  free  nor  bound  in  P;^ 

(/?)  (\x.P)iQ)  =  {Q/x}P? 

We  will  denote  the  resulting  equational  theory  “A/?” .  This  theory  can  be  strengthened  to  a  theory 
XpT]  by  addition  of  the  following  rule: 

(r/)  Xx,P(x)  —  P  when  x  is  not  free  in  P. 

^Here  the  notation  {z/x}P  is  defined  to  mean  “z  replaces  all  free  occurrences  of  x  in  We  assume  iiere  that  the 
reader  is  familiar  with  the  notion  of  a  '‘free  occurrence”  a  variable  and  “replacement”  of  an  eocpression  for  a  variable; 
for  an  excellent  discussion  of  the  subject,  see  [Bar84,  Appendix  C].  Note  that  this  presentation  of  the  («)  rule  is 
slightly  different  from  the  standard  presentation,  but  in  the  presence  of  the  (^)  and  (C)  rules  it  is  equivalent. 

^Care  must  be  taken  when  substituting  Q  for  a:  in  P  so  that  free  variables  in  Q  do  not  become  captured  in  P. 
This  problem  can  be  avoided  by  judicious  use  of  the  (a)  rule  on  siibterms  of  P.  Henceforth  we  assume  that  free 
variables  of  Q  will  not  become  captured  in  {Q /a^}P. 
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1.2  The  Lambda  Calculus  with  Applicative  Lists 

What  follows  is  the  syntax  for  a  hst-oriented  extension  of  the  Lambda  Calcnhis,  following  [Rev88]. 
For  the  purposes  of  this  paper,  we  will  restrict  it  to  the  essential  elements  being  studied,  i.e., 
the  lambda  calculus  along  with  nlist  (‘reation  and  manipulation  primitives.  We  will  denote  this 
elementary  programming  language  AAL. 


Definition  1.2.1  The  set  of  terms  Aal  is  defined  inductively  o>s  follows: 

(i)  The  atoms  head^  tail,  cons,  nil,  null,  true,  false,  and  cond  are  in  Aal; 

(ii)  If  X  is  a  vari,ahle  then  x  6  Aal; 

(iii)  If  X  is  a  vanahle  o.nd  P  €  Aal  then  {\x.P)  G  Aal; 

(iv)  If  P,Qe  Aal  then  P{Q)  e  Aal- 


To  simplify  notation,  we  often  iise  some  syntactic  sugar  by  writing  composites  of  the  hst  fimctions 
in  standard  list  notation.  That  is,  ()  :=  nil  and  for  n  >  1  and  terms 

{El, ...  ,En)~  cons(Si)((£;2,  •  •  •  ,  K»- 


Convertability  in  AAL,  denoted  =,  is  axiomtized  by  the  rules  (R),  (S),  (T),  (C),  (^),  (a),  and  (/?) 
of  the  lambda  calculus,  plus: 

(7)  (Applicative  List  Property)  For  all  n  >  0,  variables  .r,  and  terms  M,  . . .  ^En  €  Aal> 

(71)  {Eu.,,  ,En)iM)  =  (£7i(M),...  ,En{M)), 

(72)  Xx.(Ei,...  ,En)  =  (A.i:.£;i,...  ,Xx.En)\ 

(5)  For  n  >  1  and  terms  M,N,E\,...  ,E„, 


head(())  =  0, 

tan((»  =  {>, 
null(())  =  true, 
cond(true)(M)(W)  =  M, 


head((£?i,...  ,En))  =  Ei, 
tail((£7i,...  ,£?„})  =  {E2,...  ,En), 
null((£?i, . . .  ,  En))  =  false, 

CO  nd  (false)  (M)(i\r)  =  N, 


These  rules  provide  AAL  with  interesting  functional  properties,  which  are  explored  in  [Rev88]. 
They  are  also  reminiscient  of  Bac:kus’  FP  construction  in  [Bac78]. 

It  should  be  noted  that  if  we  assiune  the  {rj)  rule  as  well,  then  (72)  becomes  superfluous.  In 
fact,  the  models  that  we  will  be  building  for  AAL  in  this  work  do  satisfy  the  {rj)  rule,  although  it 
is  not  specifically  required  by  the  definition. 

Although  lists  can  be  encoded  in  pure  lambda  calculus  terms  (for  example,  see  [Rev88]  and 
encodings  for  pairing  in  [Bar84]),  it  is  not  known  whether  there  is  an  encoding  that  yields  the 
applicative  list  property  (the  7  rule)  while  stiU  satisfying  (^)  rules.  Given  the  unlikelihood  of  such 
an  encoding,  it  is  worthwhile  to  consider  models  in  which  the  list  manipulation  primitives  are 
represented  directly. 

This  turns  out  to  be  a  nontrivial  problem,  and  it  is  easier  to  go  by  way  of  finding  a  model  for 
a  slightly  simpler  extension  of  the  lambda  calculus,  described  in  the  next  section. 
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1.3  The  Lambda  Calculus  with  Explicit  Products 

It  is  quite  common  in  programming  language  design  to  implement  lists  via  pairing  with  a  distin¬ 
guished  end-of-list  element  such  as  nil.  In  particiular,  one  sees  that  given  a  pairing  operator  (•,  •) 
and  element  nil,  one  can  encode  the  list  (Ei, . . .  ,  En)  as  [Eu  (£72,  ( *  •  •  ,  {En,  nil)))).  Given  projec¬ 
tion  fimcitions  for  depairing,  it  is  easy  to  imagine  encodings  for  head  and  tail.  Furthermore,  if  the 
pairing  has  the  applicative  property  ((F,  G){X)  =  {F{X),  G{X))  and  nil(X)  =  nil)  then  the  lists, 
which  are  enc:c)ded  as  c:ascading  pairs,  inherit  the  apphcative  property. 

This  is  the  motivation  for  studying  the  next  system,  the  Lambda  Cakulus  with  Bxphcdt  Prod- 
ucits.  Although  it  is  weaker  than  AAL,  it  retains  the  apphcative  property.  We  will  find  a  model  for 
this  system,  and  with  appropriate  choices  for  the  hst  atoms  and  an  encx)ding  for  lists  (which,  as  it 
turns  out,  is  more  cx)mplicated  than  the  example  above),  we  will  be  able  to  enrich  this  model  to 
yield  a  model  for  AAL. 

Definition  1,3.1  The  set  of  terms  Aep  of  XEP  is  defined  inductively  as  follov}s: 

(i)  The  atoms  fst  and  snd  ore  in  App. 

(ii)  If  X  is  a  vo.riaMe  then  x  6  Aep  . 

(iii)  If  X  is  a  vanahle  a.nd  P  e  Aep  then  {Xx,P)  e  Aep. 

(iv)  //  P,  Q  G  Aep  then  P(Q)  G  Aep- 

(v)  If  P^Q  ^  Aep  then  (P,  Q)  G  Aep- 

Convertabihty  in  AEP,  denoted  =,  follows  the  rules  (R),  (S),  (T),  (C),  (0,  (a),  and  (/?)  of  the 
lambda  cakulus,  plus: 

(7)  (Applic:ative  Pair  Property)  For  all  P,  Q,  P  G  Aep  and  variables  .t, 

(71)  (P,Q)(P)  =  (P(P),Q(P)), 

(72)  A.7;.(P,Q)  =  (A.7;.P,A.t.Q). 

{6)  (Projecitions)  For  all  P,  Q  G  Aep,  fst((P,  Q))  =  P,  and  snd((P,  Q))  =  Q. 

Notic:e  that  AEP  is  merely  the  untyped  lambda  c:alcnihis  with  pairing  and  the  7  and  5  rules.  As 
with  the  comments  in  the  last  sec:tion,  it  is  not  known  whether  there  is  an  enc:oding  of  pairing  in 
the  lambda  calcmlus  that  satisfies  these  rules.  Henc:e,  the  approach  taken  in  this  work  is  to  build  a 
model  that  represents  pairing  direc:tly. 

This  pairing  required  above  differs  from  the  usual  definition  of  pairing  in  that  it  need  not  be 
smrjecitive.  That  is,  a  stronger  version  of  pairing  satisfies  the  following  rule: 

(SP)  (Sinjec:tive  Pairing)  P  =  (fst (P), snd (P))  for  all  terms  P. 

The  Lambda  CakuhLS  with  Exphcdt  Produc:ts  does  not  require  this  condition,  but  it  turns  out  that 
the  models  we  shall  build  do  indeed  satisfy  this  property. 

In  the  next  sec:tion,  a  cdass  of  models  for  the  imtyped  lambda  calcnilus  is  introduced.  Specific 
properties  of  these  models  are  used  to  yield  a  model  for  AEP;  these  models  are  then  further  refined 
to  ac:hieve  the  original  goal  of  finding  a  model  for  AAL. 
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2  Powerset  Models  of  the  Lambda  Calculus 

Over  the  years,  a  number  of  interesting  models  for  the  lambda  calcnlus  have  been  developed.  A 
class  of  models  with  which  it  will  be  particularly  convenient  for  us  to  work  was  developed  and 
presented  by  Dana  Scott  in  [Sco96],  and  is  briefly  presented  again  here. 

2.1  Complete  Lattices  and  Fixed  Points 

One  method  iLsed  to  produce  a  model  for  the  lambda  calculiLS  is  to  And  an  object  D  in  a  carte¬ 
sian  closed  category  such  that  [D  ^  D]  is  a  retract  of  D.  More  precisely,  one  flnds  mappings 
^ :  D  [D  -¥  D]  and  ^ :  [D  D]—^  D  such  that  $  o  ^  =  idp_^pj.  However,  by  Cantor’s  Theo¬ 
rem,  this  is  impossible  when  [D  — ^  D]  is  the  full  fimction  space  of  D,  This  difflcnilty  was  overcome 
by  Scott  by  restricting  [D  -4  D]  to  be  the  continuous  maps  from  D  to  D,  for  a  proper  notion 
of  continuity.  It  turns  out  that  there  are  notions  of  continuity  expressive  enough  to  capture  ah 
A-deflnable  terms,  and  hence  all  computable  fimctions. 

We  will  work  in  the  category  of  complete  lattices.  In  this  section  we  will  quickly  review  a  few 
basic  deflnitions  and  theorems  in  order  to  set  the  stage  for  the  model  constructions  that  follow. 

Deflnition  2.1.1  A  complete  lattice  is  a  po.rtially  ordered  set  (P,  C)  such  that  every  subset 
Sew  has  a  least  upper  hound;  that  is,  there  exists  ay  €W  such  that 

(i)  X  ey  for  all  x  6  S,  and 

(ii)  x^z  for  all  x  £  S  implies  y  ez. 

We  denote  the  unique  least  upper  bound  of  S  by  \_\  S.  The  least  upper  bound  of  {x^  y}  is  denoted 
X  U  y.  The  greatest  lov)er  hound,  of  S  is  [J  {.-r  |  C  .s  for  all  s  E  5"}  and  is  the  unique  ?/  G  P  such 
that 

(i)  y  ex  for  all  x  E  Sj  a.nd 

(ii)  z  ex  for  all  X  ^  S  implies  z  ey. 

The  greatest  lower  bound  of  {x,^y}  is  denoted  xHy. 

Definition  2.1.2  Let  (Pi,Ci)  and  (P2}^2)  complete  lattices.  A  mo.p  f:  Pi  “4-P2  is  said  to 
monotone  if  x  ^ly  ^  f{x)  C2  f{y)  for  all  .r,  1/  E  Pi- 

Theorem  2.1.3  (Tarski’s  Fixed  Point  Theorem)  Let  (P,  C)  be  a  complete  lattice  and  let  the 
map  f\  P  — ^  P  monotone.  Denote  by  TV(f)  the  set  of  fixed  points  of  f,  i.e., 

^P(/)  e  P  I  .1;  -  f{x)} 

Then  TV{f)  is  nonempty  and  forms  a  complete  lattice  vnth  respect  to  C. 

Definition  2.1.4  A  subset  5^  C  P  of  a  complete  lattice  is  said  to  be  directed  if  for  each  x^y  E  Sj 
there  is  a  z  £  S  such  that  x^z  and  y^z. 

Definition  2.1.5  Let  (Pi,Ci)  and  (F2,E2)  complete  lattices.  A  map  /:  Pi  P2  is  said  to 
continuous  if  for  every  directed  set  5^  C  Pi^ 
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Theorem  2.1.6  Every  continuous  function  is  monotone. 

Proof:  Let  x  C  y.  Then  {x^y}  is  directed  so  f{y)  =  f{x\Ay)  ~  f{x)  U /(i/),  i.e.,  f{x)  C  f[y).  ■ 


Theorem  2.1.7  If  f:  Pi  ->■  F2  and  g:  F2  ->■  F3  are  continuous  then  go  f:  Fi  F3  is  continuous. 

Theorem  2.1.8  If  f^g:  Fi  ->  F2  are  continuous  then  x  1-4  f{x)  Ug{x)  and  x  h4  f{x)  fl  ^(.7;)  are 
continuous. 

Let  A  be  any  set.  We  denote  by  the  power  set  of  A  It  is  a  well-known  result  that  (^A,  C) 
forms  a  complete  lattice,  and  that  [J 5  =  (J^  ^  lattice  structure  on  (^A)” 

is  determined  by  componentwise  inclusion,  and  a  map  / :  (^A)”  ~4  ^A  is  said  to  be  continuous 
when  /  is  continuous  in  each  argument.  The  lattice  on  [^A  ^pA]  is  determined  pointwise;  i.e., 
f  Qg  if  and  only  if  f{X)  C  g{X)  for  every  X  €  ^A. 

We  denote  by  ^X  the  collection  of  aU  finite  subsets  of  X ;  that  is, 

dX  :=  {y  e  qjx  1  y  is  finite}. 

Theorem  2.1.9  A  function  f:  is  continuous  if  and  only  if  the  following  condition 

holds:  for  all  X  6  ^A, 

fiX)=  (J  /(X„). 

Xo€^X 


Proof: 

(^)  Clearly  ^X  is  directed.  So  if  /  is  continuous  then  f{X)  =  =  Uxoeyx  /(^o)- 

(^)  Suppose  the  condition  holds.  Let  a  directed  X  C  ^A  be  given.  Observe  that  for  every  X  E  A:', 
X  C  U  ^  so  JX  C  5^(U  X).  ThiLS 

f{x)=  U  /(X„)C  U  fix,)  =  f{[jx), 

Xaesx  x„65(U^) 

implying  \JxexfW  ^  /(U-^)-  Now  let  y  €  fi\JX)  =  Ux„€5(UAr) /(^n)  Choose 

xiy...  ^Xn  e  \JX  such  that  y  G  /({.7;i,...  ,7;^}).  Then  choose  Xi,...  ,X„  E  X  such  that 
Xi  E  Xi.  Since  X  is  directed  we  may  choose  X»  E  Af  such  that  Xi, . . .  ,X„  C  X*.  So 

y  e  f{{xu .9;„})  C  (J  /(X„)  =  f{X.)  C  (J  f(X). 

Xoe^x.  X€X 

So  f  is  continuous. 


Notice  that  for  monotone  fimctions  on  a  powerset,  showing  continuity  reduces  to  showing  that 
for  each  y  E  /(X),  there  are  xi^...  ^XnE  X  such  that  y  E  . . .  ,  Intuitively,  this  means 

that  each  piece  of  information  in  the  output  of  the  computation  of  /  on  argument  X  is  the  result 
of  running  f  on  some  finite  portion  of  the  input.  (See  [SHLG94]  for  a  discussion  and  a  proof  of 
the  Representation  Theorem,  which  proves  the  equivalence  of  this  and  several  other  notions  of 
computation.) 
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2.2  Sequential  Algebras 

In  this  section  we  make  a  few  observations  that  will  be  nsefiil  when  embedding  the  contimioiis 
fimction  space  [^A  ^  ^A]  into  ^A. 


n 

^  ^  - ^ 

Definition  2.2.1  Let  A  he  a  set  Then  :=  A  x  •  •  •  x  A  the  n-fold  Co.rtesian  product  of  A 

vnth  itself.  By  convention,  AP  is  the  singleton  set  {0},  denoted  1.  We  define  A*  as  the  disjoint 
union  of  all  n.- fold  Cartesian  products  of  A;  i.e., 

A*  :=  1  +  A+  A^  +  A^  +  •  •  •  +  A'"  +  •  •  • 


Theorem  2.2.2  Let  A  he  an  infinite  set.  Then  there  exists  a  hijection 


Proof:  Immediate  by  cardinal  arithmetic.  ■ 

For  a  given  set  A  and  ip  as  above,  we  denote  ,Xn)  by  (xi,...  ,.7;^).  Since  (p  is  a 

bijection,  we  see  that  to  every  element  a  of  A  there  is  an  associated  n  >  0  and  ni, . . .  ,  an  such  that 
a  =  {ai, . . .  ,  an),  while  to  each  k>0  and  61, . . .  ,  6^  in  A  there  is  a  6  in  A  such  that  b  =  {61, , , .  ,  bk). 
Henc:e,  A  is  closed  under  formation  of  finite  sequences  (when  the  {•  •  ► )  operator  is  apphed  to  the 
sequence),  while  each  member  of  A  can  itself  be  viewed  as  a  finite  sequence. 

It  turns  out  that  this  makes  the  following  embedding  of  continuous  fimctions  convenient. 

2.3  Representing  Continuous  Functions 

Recall  that  we  are  looking  for  mappings  ^ :  ^A  [^A  *pA],  [^pA  qiA]  ^  ^A  such  that 

$  =  id[q3A^q3A]*  We  begin  with  the  definition  for  The  basic  idea  is  that  ^  produces  a  “graph” 

of  an  argument  f :  ^A  ^A,  which,  since  /  is  continuous,  is  small  enough  to  be  contained  in  ^A. 

Definition  2.3.1  The  map  [^A->-  qiA]  ^A  is  defined  by 

^(/)  :=  {0}  U  {(.Ti,...  ,Xn,v)  I  xi,...  ,Xn  e  A  and  y  G  ,,7;„})} 

for  all  /  e  [q?A  ^A]. 

The  intuition  behind  this  definition  is  that  ^  records  the  behavior  of  f  on  arguments  of  finite 
cardinaUty,  which,  by  the  continuity  of  /,  completely  captures  the  behavior  of  /.  The  presence  of 
{0}  in  the  definition  may  seem  arbitrary;  this  is  a  technical  consideration  which  will  be  justified 
later. 

Definition  2.3.2  The  map  ^A— >  [^A-4  ^A]  is  defi.ned  hy 

^(F)  X  1-4  {1/  G  A  I  >  0,  xi, . . .  ,  TJn  G  X  such  that  (.7:1, .. .  , Xn,  y)  G  F] 

It  is  not  obvious  that  this  mapping  is  well-defined  in  the  sense  of  giving  a  continuous  fimction  in 
[^A  —V  ^A].  The  following  theorem  proves  that  is  well-defined  and  gives  an  additional  result  that 
will  be  needed  later. 
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Theorem  2.3.3  The  map  App:  (^A)^  -)>  defined  by 

App(i?>,X)  =  ^(F)(A) 

is  continuous  in  each  argument  In  particularj  this  implies  that  for  any  F  €  ^pA,  ^{F)  is  continuous 
(hence  ^  is  well-defi,ned.) 


Proof:  It  is  immediate  from  the  definition  that  App(P,X)  is  monotone  in  each  argument.  Fix 
F,  X  6  ^A  and  let  y  G  ^{F)  (X)  be  given.  We  may  choose  rri , . . .  ^XnE  X  such  that  (.ri , . . .  ,  Xn^  y)  € 
F.  Define  Fo  to  be  the  singleton  {(.ri, . . .  Xo  to  be  the  set  Then 

y  e  ,.Tn})  =  App(Fo,Xo) 

whicii  is  in  turn  a  subset  of  both  App(Fo,X)  and  App(F,Xo)  by  monotonicity.  Hence  App  is 
continuous  in  both  arguments  and  ^  is  well-defined.  ■ 

In  order  to  use  these  mappings  to  give  a  continuous  model  of  the  lambda  calculiLs  we  must 
confirm  that  they  are  continuous  lattice  operations.  We  have  just  shown  that  ^  is  continuous. 

Theorem  2.3.4  The  map  [^A  —¥  ^pA]  ^A  is  continuous. 


Proof:  Let  {fi\i  £  l}  he  a  directed  set  in  [^A-J-  ^A].  We  aim  to  show  that  “ 

Let  0  E  UiG/  ^{fi)  be  given.  Choose  i  €  I  and  xi^. . .  ,  Xn^  y  G  ^A  such  that  z  =  {xi, ...  ^x^^y)  G 
Then 


y  G  •  • »  }  ^n})  Q 


({.XI,...  ,.x4), 


implying  =  (xi,  ...  ,Xn,y)e  ^(Ui€//i)-  Since  z  was  arbitrary,  ^  ^(Llie//i)- 

Now  let  2;  G  ^(UiG/  given  and  cdioose  .xi, . . .  , .x„,  y  G  ^A  such  that  =  (r^i, . . .  ^Xn^y)  G 

Then  y  e  (LJig7/i)({3:i,...  ,®n})  =  UeJ •  i®n})-  So  y  e  fi{{xi,...  ,3;„})  for 
some  particular  i  €  /,  implying  z  =  ,Xn,y)  S  ^(/i)  Q  UieJ^(/«)’  Since  z  was  arbitrary, 

Hence 

ieJ  iei 


i.e.,  ^  is  continuous. 


Lastly,  we  wish  to  show  that  this  is  a  retract. 

Theorem  2.3.5 


=  id[q3A-4^pA]- 

Proof:  Let  /  G  [^A  ^pA]  and  X  G  ^A  be  given.  Let  y  G  /(X)  be  given.  Since  /  is  continuous, 
we  may  choose  .xi, . . .  ,  x^  G  X  such  that  y  G  • .  •  ,.Xn}).  Then  (xi,...  ,Xn,y)  G  ^(/).  But 

by  definition  of  we  then  have  y  G  4>(^(/))(X).  Since  y  was  arbitrary,  /(X)  C  $(^(/))(X). 

Now  let  G  ^(^(/))(X)  be  given.  Choose  .Xi,...  ,Xn  G  X  such  that  (.xi,...  ,.x„,y)  G  ^{f)- 
But  by  definition  of  we  have  2?  G  •  • .  ,  a^n}).  Since  {.xi, . . .  ,  .x^}  C  X  is  finite,  by  continuity 

of  /,  2;  G  /(X).  Since  z  was  arbitrary,  ^(^(/))(X)  C  /(X). 

So  4>(^(/))(X)  =  /(X).  Since  X  was  arbitrary,  4>(^(/))  =  /.  ThiLS  o  ^  =  id[q3A->^A]-  ■ 

For  the  rest  of  this  work,  A  is  assumed  to  be  any  infinite  set  with  the  a  sequential  algebra 
structure  determined  by  (•••),  and  mappings  ^  and  ^  are  as  above. 
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2.4  Modeling  the  Lambda  Calculus 

At  thivS  point,  we  have  all  that  is  required  for  a  model  for  the  lambda  ealcniliLs. 

Definition  2.4.1  Let  phea  mo.p  from  vo.nahles  to  ^pA.  We  define  interpretation  map  |['|^:  A  —>  ^pA 
inductively  as  follows: 

(i)  lAn  =  Pi^)’ 

(ii)  [P(Q)l,  =  $(tPl,)(tQl,), 

(iii)  = 

It  must  be  shown  that  rule  (iii)  is  well-defined. 

Theorem  2.4.2  For  all  P  €  Aj  the  function  A  i-4  lP}p{x:=A)  continuous. 

Proof:  We  proceed  by  induction  on  P.  If  P  =  .t,  then  A  M-  lPlp[x:=A)  =  A)-A'  A  —  idq^Aj  which  is 
clearly  continuous.  If  P  =  y  for  some  y  7^  .t,  then  A  1-^  lPip{x:=A)  =  A  i-4  /?(y),  a  constant  map, 
which  is  also  continuous. 

Now  suppose  P  =  M{N)  for  some  terms  M^N  for  which  the  inductive  hypothesis  holds.  Let 
A  C  P  G  ^Abe  given.  By  the  induc:tive  hypothesis,  lM}p(^^^.=A)  ^  l^}p{x:=B)  (similarly  for  N).  So 
by  the  monotonicdty  of  App  in  each  argument,  lP}p[x:-A)  ^  l^}p{x:=B)>  Now  let  c  G  lP}p{x:=A)  ~ 
App([M]^(3,.=:X),  be  given.  Sinc:e  App  is  continuous  in  each  argument  we  may  choose 

a  finite  Pq  Q  l^}p{x:~A)  a  finite  X(\  C  lNlp(^x:~A)  siif’h  that  c  G  App(Poi-^fl)*  Then  by  the 
inducitive  hypothesis  we  may  find  a  finite  Ao  such  that  Fq  C  and  Xo  C 

By  the  monotonkity  of  App  this  impUes  c  G  App{lM]p^^^,=Aoh  lNl/>(3;:=>io))  =  lI^}p{xt^Ao)>  Henc:e 
A  *“>  |P|p(.x:=A)  is  cxmtinuous. 

Now  suppose  P  ^\x.M  for  some  term  M.  Then 

l^}p{x:=A)  =  lA^jp{x:=A){xt^B))  =  ^  Wlp{x:^B)) 

which  does  not  depend  on  A  (so  A  h4  lP}p{x:~A)  is  a  cxmstant,  henc:e  c:ontinuous,  fimc:tion). 

Lastly,  suppose  P  =  Xy.M  for  some  term  M  and  some  variable  y  ^  x.  Let  A  C  P  g  ^A  be 
given.  By  the  indimtive  hypothesis,  lMjp^^^.^A){y:=c)  Q  Wlp{x:=B){y:=C)  all  C  G  ^A.  This 
imphes 

['^1/7(x:=A)(2/:=C)) 

=  {0}  U  {(ci,  ...  ^Cn^z)  I  Cl,  .  .  .  ,  C71  G  A  and  Z  G  lAf|^(x:=A)(i/:={ci,...,Crt})} 

C  “(O)-  U  {(ci,  .  .  .  j  Cyjj  z)  I  Cl, .  .  .  ,  Cn  G  A  and  Z  G  I'^l^(x;=B)(j/:={ci,...,Cn}) } 

=  ^(C  lM]p(^^^.-B)(y:=c)) 

=  l^ip{x:=B)^ 

So  A  y-¥  l^Jp{x:=A)  is  monotone. 

Now  fix  A  anci  let  w  G  lP}p{x:=A)  be  given.  If  w  =  0  then  w  G  [PJp(.x;=0).  Otherwise  choose 
Cl,...  ,Cn,z  such  that  w  =  (ci,...  yC^,z)  and  2^  G  %  ^be  indimtive  hy¬ 

pothesis  we  may  find  Aq  G  3^A  such  that  2:  G  lMlp^^^.-An){rMci,...,cn})'  '^bus 

U)  =  (ci,  . . .  ,  Cyi,  2?)  G  1-4  |Af|^(x:=Ao)(2/:=C7))  ~  lI-^l/7(x:=Ao) ■ 

So  A  »-4  lP}p{x:=A)  is  ciontinuous.  ■ 
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Theorem  2.4.3  (qJA,  H^)  is  a  model  for  A/?. 


Proof:  The  axioms  (R),  (S),  (T),  and  (C)  follow  immediately.  We  treat  the  remaining  ones  below. 
(^)  Let  the  terms  P,  Q  be  given  and  suppose  [Pjp  =  IQjp  for  all  p.  Then  for  all  A  e  ^PA, 

\.^Jp{xi-A)  —  [Q1/?(!k:=A)-  Thus 

A  H->-  lPjp(^x:~A)  A  [Q1/)(3;:=A)5 

implying 

l^X.Pjp  =  1-4  lP}p{xi=A))  =  ^  1[Q1/>(3::=A))  = 


for  all  p. 

(of)  If  is  neither  boimd  nor  free  in  P, 
lXz.{z/x}P}p 


for  all  p. 
(/?)  Observe 


[(A.7;.P)(0)], 


![^1/>(x:=A)(2:=>1)) 

K4  lP]p^r,-.=A)) 
IXx.Pjp 


$(IA^.P1,)(IQ1,) 

^  IPl^(x:=.l)))([01/,) 
{A^lP]p^r.:=A)){m,) 
I^lp(x:=IQ],) 
liQMPlp 


for  aU  p. 


2.5  Generalized  Application  and  Abstraction 

In  the  last  section  we  constructed  an  interpretation  of  application  and  abstraction  for  lambda  terms. 
In  this  section,  we  generalize  these  notions  to  arbitrary  continuous  fimctions  and  elements  of  ^lA. 

The  definition  of  App  in  Section  2.3  gives  a  natural  interpretation  of  appUcation  between  arbi¬ 
trary  elements  of  ^A. 

Definition  2.5.1  For  P,  G?  G  ^lA, 

FiG)  -App{F,G)  =  ^F){G), 

A  generalized  version  of  lambda  abstraction  is  slightly  tridiier.  We  define  it  as  follows. 


10 


Definition  2.5.2  If  the  mo.p  f:  (^A)^  ^pA  is  continuous  then  we  define  for  n  >  1, 
When  n  =  1  we  sa.y 


(XXi.fiXi))  :=^'(/). 

Some  care  miLst  be  taken  to  ensure  that  when  an  argument  is  “abstracted  away”  that  we  are 
left  with  a  continuous  function  of  the  remaining  argmnents. 

Theorem  2.5.3  If  f:  (^A)*^  -4  ^A  is  continuous  and  n  >  1,  then  the  mop  g:  (^A)”“^  — )•  ^A 
defi,ned  hy 

g(X2,...,X„)  :=(XX^.f(X^,...,Xn)). 

is  continuous  in  each  argument 

Proof:  We  will  show  this  for  n  =  2.  The  proof  is  similar  (but  considerably  more  tedious)  for  n  >  2. 
Let  a  continuous  f :  (^A)^  — ^  ^A  be  given  and  define 

ff(y)  :=  {XX.nx,Y)). 

Let  2;  6  g{Y)  be  given.  Obviously  0  G  g{Y)  =  h4  f[X^Y)).  So  suppose  2^  7^  0.  Choose 
,Xn^y  e  A  such  that  (.ti,  . . .  ,  Xny  y)  =  2?.  Then  y  G  » . .  >  Y),  Since  /  is  continuous 

in  each  argument,  we  may  choose  Yo  ^  ?Y  such  that  y  G  /({.“Ki,  . . .  ,  .t^},  Yo)*  So  {.ti,  . . .  ,  Xn^  y)  G 
f-4  /(X,  Yo))  =  ^(Yb).  Since  y  was  arbitrary, 

g{Y)C  U  5(y„). 

vbGSr 

Now  let  Yq  G  ^Y  and  2;  G  ^(Yb)  =  ^(X  i-4  /(X,lo))  be  given.  If  2?  =  0  then  we  have  immediately 
that  2f  =  0  G  g{Y).  Otherwise,  choose  .tji,...  ^Xn^y  G  A  such  that  (.'ri,...  =  z.  Then 

So  y  G  ,a;n}»^o)*  Since  /  is  continuous  and  Yb  C  Y,  y  £  f{{xu...  ,Xn},Y),  Thus 

z  —  (xi^...  ^Xn^y)  G  g{Y).  Since  2;  was  arbitrary, 

U  sW)cs(y). 

Vn€3r 

So  g  is  continuous.  ■ 

The  use  of  the  same  abstraction  and  application  notation  as  the  syntax  siiggests  that  the 
conversion  rules  are  satisfied.  Obviously  (R),  (S),  (T),  and  (C)  are  satisfied.  If  /,^  G  [^A  ~4  ^A] 
and  f  —  g  then  AX./(X)  =  ^(/)  =  =  AX.p(X),  so  (^)  is  satisfied.  The  (a)  rule  is  purely 

a  syntactic  property,  and  is  trivially  satisfied  imder  this  notation  —  AX./(X)  and  \Z.f[Z)  are 
two  ways  of  writing  and  hence  are  equal.  The  (/?)  rule  is  a  consequence  of  the  following:  if 

f  e[^ A  ^  ?iA]  and  y  G  ^A  then 

{XX.fiX)){Y)  =  $(^(/))(y)  =  f{Y). 

In  particular,  aU  of  these  rules  hold  when  /  =  X  1-4  F(X)  for  some  F  G  ^A;  for  instance,  the  (/?) 
rule  then  says  that 

(AX.F(X))(y)  =  i?’(y). 
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Example  2.5.4  Since  {X^Y)  M-  X  UF  is  continuous ,  we  may  define 

U:=  XX.XY{XUY) 

However j  there  is  no  known  lambda  term  U  €  A  such  that  [UJ^  =  U  for  all  p. 
Example  2.5.5  Notice  that  9{X)  ~  0  and  A( X)  =  A  for  oil  X  €  ^A. 

Tliis  next  theorem  says  that  App  is  completely  additive  in  its  first  argument. 
Theorem  2.5.6  Let  {Fi  \  i  e  1}  E  ^A  he  given.  Then 

(ijFi)  (X)  =  UFi(Z) 

\ia  )  iei 


for  all  X  E  ^A. 


Proof:  Observe 


Bxi, . . .  ,  Xn  E  X  such  that  (rri, . . .  ,  v)  G 


ia  J 


=  (y  e  Aj  3i  e  I,xi,...  ,Xn  €  X  such  that  {.t;!,..  .  ^Xn^y)  E  Fj} 

=  [J  {y  e  C  \  3xi, . , .  ,Xn  e  X  such  that  {xi, ,  Xn,  y)  E  Fi} 
iei 

= 


iei 


2.6  Combinators 

This  section  defines  a  few  combinators  in  the  model  and  proves  some  useful  results  about  them 
that  we  will  need  later. 

Definition  2.6.1  We  define 


Fo6?:=  \X.F{G(X)), 

I  :=  \X.X, 

Y  :=  \F.{\X.F{X{X)))(\X.F{X{X))), 

H  :=  AF.AXF(X) 

It  is  worth  taking  a  moment  and  describing  what  some  of  these  sets  look  like.  For  instance, 
I  :=  XX. X  is  seen  to  be 

I  ={0}U  {(.Xi,...  ,x„,y)  I  Xi,...  ,x„  6  A  and  3/ €  {xj, . . .  ,x„}} 
while  for  any  X  G  ^A, 

U(X)  =  \Y.X\JY  =  {0}  U  {(xi,...  ,Xml/>  I  e  Aand  1/  e  {xi,...  ,x„}  UX}. 


12 


Theorem  2,6.2  For  all  F  6  ?PA,  F(y{F))  =  Y(F). 

Proof:  This  is  a  consequence  of  the  fact  that  the  model  satisfies  the  (/?)  rule.  We  verify 
Y{F)  =  {\X.F{X(X)))(\X.F{X{X)))  =  F{{\X.F(X{X))){\X.FiX{X))))  =  F(Y(F)), 
i.e.,  Y  is  a  fixed-point  combinator.  a 

Theorem  2.6.3  H  defined  as  above  satisfies  H  =  H  o  H,  and  H(F)  =  AX.F(X)  is  the  maximum 
set  G  such  that 


VX  €  qJA  GiX)  =  F(X). 

Furthermore,  the  lattice  of  fixed  points  of  ordered  by  inclusion,  is  isomorphic  to  the  lattice 
[^A  ^A]  of  continuous  functions,  ordered  pointwise. 

Proof:  Notice  that  H(F)  =  (AX.F(X))  =  ^(^(F)).  So  for  any  F  G  ^PA, 

H(H(F))  =  ^(^(>J^(^(F))))  =  ^(<^(F))  =  H(F). 

It  foUows  then  that 

H  o  H  =  (AKH(H(i^^)))  =  (AF.H(F))  =  H. 

ObvioiLsly  H(F)(X)  =  F(X)  for  all  X  6  ^A.  Now  let  a  set  C?  G  ^A  be  given  satisfying 

VX  G  ^A  G{X)  =  F(X). 

Claim:  G  C  H(F).  Let  p  G  be  given.  If  p  =  0,  then  g  G  H(F)  =  AX.F(X)  trivially.  Otherwise, 
we  may  choose  y  €  A  such  that  {xu .  • .  ,  y)  =  g.  Then  So  y  G  G{{xi, . . .  ,  x^})  = 

F({n;i,...  ,Xn}).  So  g  =  {xu.,,  ,Xn,y)  G  (AX.F(X))  =  H(F).  So  G  C  H(F).  Hence  H(F)  is 
maximal. 

Now  we  wish  to  show  that  the  lattice  of  fixed  points  of  H  is  isomorphic  to  ppA  qjA].  Notice 
that  for  /  G  [^A  -4  qJA], 

HW))=^(^CW)))  =  ^(/). 

So  Rng^  C  FV{H).  Now  let  F  G  TV{H)  be  given  and  define  /  :=  X  h4  F(X).  Then 

^(X  h4  F(X))  =  ^(^(F))  =  H(F)  =  F. 

So  FF(H)  C  Rng^.  Hence  FF(H)  =  Rng^. 

Now  let  /,p  G  [^A  ^A]  be  given  and  suppose  f  Qg  (i.e.,  for  all  X  G  ^A,  /(X)  C  g{X),) 

Let  a  G  ^(/)  be  given.  If  a  =  0  then  a  =  0  G  ^(^).  Otherwise,  choose  xi^ . . .  ,Xn^y  G  A  such 
that  a  -  (,Ti,...  ,Xn,y).  So  y  G  /({.ri,...  ,.7:^}).  But  /  C  implying  y  G  /({.ti,...  C 

g{{xi^ . . .  ,.Tn}).  So  a  G  ^(^).  Thus  ^(/)  C  ^(p).  So  ^  is  monotonic. 

Now  let  f,ge  [^A  ^A]  be  given  and  suppose  ^(/)  Q^{g).  Let  X  G  ^A  and  y  G  /(X)  be 

given.  Choose  xu . . .  ,  G  X  such  that  y  G  f{{xu . . .  ,  .7;n}).  Then  (xu  . . .  ,  TJn,  y)  G  ^(/)  C  ^{g). 
So  y  G  ^(p)({7;i, . . .  ,  Xn})  C  ^{g){X),  But  ^(^)(X)  =  g{X)  so  y  G  ^(X).  Hence  f  Q  g  pointwise. 
So  ^  is  order-preserving. 

Since  ^  is  order-preserving  and  monotonic  onto  FF(H),  we  have  FF(H)  =  [^A  ^A].  ■ 

Notice  that  in  this  proof  the  0  element  was  required  in  the  definition  of  ^  in  order  to  guarantee 
the  maximality  of  H(F). 

The  following  theorem  uses  the  power  of  the  isomorphism  constructed  above  to  demonstrate  an 
interesting  set  inclusion. 
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Theorem  2.6.4  I  C  H. 


Proof:  Let  F  6  ^pA  be  given.  Clearly  H(F)(X)  =  F{X)  for  all  X  6  By  the  first  part  of 
Theorem  2.6.3,  this  implies  1(F)  =  F  C  H(F).  Since  F  wa.s  arbitrary,  I  C  H  a.s  functions.  By  the 
second  part  of  Theorem  2.6.3,  this  implies  I  C  H  as  sets  in  qJA.  ■ 

2.7  Types  as  Closures 

In  the  last  section  we  foimd  an  operation  H  such  that  I  C  H  =  H  o  H,  the  lattice  of  fixed  points  of 
which  was  isomorphic  to  [^pA  — )•  ^A].  It  turns  out  that  this  is  a  specific  instance  of  a  more  general 
notion  of  embedding  mathematical  types  as  sublattices  of  ^A. 

Definition  2.7.1  An  element  C  e  qiA  is  caMed  a  closure  operation  if\CC^CoC. 

The  range  of  a  closure  operation  is  thought  of  as  the  “type”  that  it  represents.  There  are  plenty 
of  examples  of  closure  operations  —  H  is  a  closure  operation  representing  the  type  [qJA“)>  q3A], 
while  I  is  a  closiue  operation  whose  fixed  point  lattice  is  all  of  qiA  (and  hence  represents  the 
“universal”  type).  In  fact,  a  result  from  [Sco96]  is  that  any  algebraic  lattice  whose  set  of  compact 
elements  is  bounded  above  by  |  A|  can  be  represented  as  the  fixed  point  lattice  of  a  closure  operation. 
We  will  need  a  few  specific  types  in  order  to  build  a  model  in  the  next  section. 

Definition  2.7.2  LetC^D  he  closure  operoMons.  We  define 

XF.{DoFoC), 

It  is  easy  to  check  that  this  is  a  closme  operation  if  C  and  D  are.  Furthermore,  we  see  that 
F  e  TV{Co^D)  precisely  when  F{X)  =  D{F{C(X)))  for  all  X  6  ^A.  The  intuition  behind  this 
definition  is  that  F  makes  distinctions  only  between  elements  of  type  C  and  outputs  only  elements 
of  type  D,  For  example,  notice  that  I  o4 1  =  AF.AX.F(X)  =  H,  as  we  might  expect.  An  important 
result  is  the  following,  proved  in  [Sco96]. 

Theorem  2.7.3  If  C  and  D  are  closure  operations  then 

TV{Co^D)  ^  [FV{C)  ^  TV[D)\, 

So  function  spaces  between  types  are  easy  to  embed  in  qiA.  It  will  take  a  few  more  definitions 
to  embed  product  spaces.  For  the  following  let  1  :=  (0, 0)  G  ^PA. 

Definition  2.7.4  If  X,Y  e  ?1A  then  we  defi.ne 

(X,  y)  :=  y  6  <PA  I  Z({0})  =  X  and  Z({1})  =  Y] . 

It  is  easy  to  check  that  X  »-4  (X,  Y)  and  Y  i-4  (X,  Y)  are  continuous,  and  that  (X,  y)({0})  =  X 
and  (X,y)({l})  =  Y,  In  particular  this  means  that  X  C  (X({0}),  X({1})). 

Definition  2.7.5  LetC^D  he  closure  operoMons,  We  defi.ne 

G^D  :=  AX.(a(X({0})),D(X({l}))) 
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Notice  that  (7  (g)  D  is  a  closure  operation  if  C  and  D  are.  Fixed  points  of  (7  (g)  D  look  like  pairs 
(X,y)  where  X  6  TV{C)  and  Y  6  i.e.,  X{{Q})  6  TV{C)  and  X{{1})  G  J^V{D)  if  and 

only  if  X  G  TV{C  (g)  D),  This  suggests  the  following  theorem,  also  proved  in  [Sco96]: 

Theorem  2.7.6  If  C  o.nd  D  are  closure  operations  then 

TV{C<S>D)  ^J^V(C)xTV{D). 

If  (7  is  a  closure  operation  we  often  wish  to  define  continiions  functions  /:  !F'P{C)  — )•  ^A.  We 
then  run  into  a  problem  when  trying  to  lambda  abstract  an  argmnent  from  /  in  that  we  must 
ensure  that  f  receives  only  arguments  of  type  C.  This  motivates  the  following  definition. 

Definition  2.7.7 


\X:C.f{X)  :=  AX./((7(X)). 

Hence  an  argument  X  is  “cast”  to  type  (7  before  being  sent  as  an  argument  to  /. 

We  finish  up  this  section  with  the  definition  of  a  closure  operation  whose  fixed  point  set  is  the 
set  of  closure  operoMons, 

Definition  2.7.8  For  F  G  we  define  :=  I  and  for  n  >  0,  :=  F  o  Then  we 

define 

oc 

Clos  :=  \F.  y  (I  U 

n=0 

Theorem  2.7.9  If  F  ^  ^A  then  Clos(F)  is  a  closure  operation,  Firthermorej  If  C  ^  ^A  is  a 
closure  operation  then  Clos((7)  =  C.  Lastly ,  Clos  =  Clos  o  Clos  =  Clos(Clos). 

Proof:  First  assume  that  I  C  F  G  ^A.  We  see  that  Clos(F)  =  ^  U^i  So 

I  C  Clos(F).  We  must  check  if  Clos(F)  o  Clos(F)  =  Clos(F).  Let  X  G  Rng(Clos(F))  be  given,  say 
X  =  Clos(F)(W').  Since  I  C  Clos(F)  we  have  X  C  Clos(F)(X).  Now  notice  {F^”^(W')  |  n  G  N}  is 
directed  since  F^”^(W)  C  F^”'‘'^^(W).  Then 

oc  oc 

F(X)  =  jP(  U  fW(1¥))  =  y  C  X. 

n=fl  Ti=fl 

So  F(^)(X)  C  X  for  aU  n,  implying  Clos(F)(X)  C  X.  Hence  Clos(F)(X)  =  X.  So  Clos(F)  o 
Clos(F)  =  Clos(F).  Now  if  I  g  F  then  we  simply  observe  that  Clos(F)  =  Clos(l  U  F)  to  get  the 
same  result. 

Now  let  (7  be  any  closme  operation.  Observe  that  (I  U  (7)^”^  =  (7  for  all  n  >  1,  so 

oc 

Clos(C7)  =  y  (I  U  =  I  u  C7  =  (7. 

n=0 

Since  Clos(F)  is  a  closure  operation  for  any  F,  it  follows  that  Clos(Clos(F))  =  Clos(F).  Hence 
Clos  o  Clos  =  Clos.  Plus,  it  is  immediate  from  the  definition  that  F  C  Clos(F),  so  I  C  Clos  and 
hence  Clos  is  itself  a  closure  operation.  So  Clos(Clos)  =  Clos.  ■ 

We  now  have  all  of  the  tools  we  need  to  build  a  model  for  the  extensions  of  the  lambda  calculus. 
We  have  defined  a  model  and  have  developed  methods  embedding  continuous  fimctions  into  the 
model.  Furthermore,  we  have  established  techniques  for  embedding  types  into  the  model.  These 
techniques  will  be  employed  in  the  following  sections  to  find  special  types  that  yield  a  model  for 
first  AEP  then  AAL. 
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3  A  Model  for  the  Lambda  Calculus  with  Explicit  Products 

In  this  sec^tion  we  shall  present  a  nontrivial  model  first  given  by  Scott  that  satisfies  the  rules  listed 
in  Section  1.3. 

3.1  A  Special  Type:  D 

Let  A  be  any  closure  operation  in  *pA.  Define  B  by 

B  :=  Y(AXClos(X  0  (A  <8)  X))). 

Theorem  3.1.1 


B  =  B  (8)  (A  <S>  B). 

Proof:  First  notice  that  B  is  a  fixed  point  of  AX.CIos(X'  0  (A  (8)X)),  so  B  =  Clos(B  (8>  (A  (8>  B)).  So 
Clos(B)  =  B.  Thus  A  (8>  B  is  a  closure  operation,  implying  Clos(B  0  (A  0  B))  =  B  0  (A  0  B).  Hence 
B  =  B  0  (A  0  B)  as  desired.  ■ 

Now  define 


C  :=  A0  B, 

and  observe  B  =  B  0  C  by  Theorem  3.1.1. 

Theorem  3.1.2  (Scott)  J^V{C)  x  J^V{C)  ^TViC). 

This  is  implied  by  Theorem  3.1.4,  proved  below.  To  give  a  rough  idea  of  how  this  isomorphism 
proceeds,  we  follow: 


Tv{q  X  TV{C) 


=  TV{k^B)xTV{Q) 

^  {TV{k)  X  TV{B))  X  TV{C) 
^  TV{k)  X  {TV{q  X  JFp(C)) 
^  TV{k)x{TV[B(S>q) 

=  TV{k)xTV[B) 

=  .FP(A0B) 

=  TV[C) 


We  win  make  this  isomorphism  more  explicit  using  the  following  definitions. 
Definition  3.1.3  The  maps 


lv]c:  j^v{qxTv{q^j^v{q, 
4:  J^V(C)  -4  J^r{C), 

are  defined  as  follows: 

[J’.GJc  :=  (n{0}),(F({l}),G)), 
4(F)  :=  (F({0}),F({1})({0})), 
4(F)  :=  F({1})({1}). 
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A  quick  check  of  the  types  of  each  of  the  components  of  F  and  G  shows  that  these  fimction  are 
indeed  well-defined.  For  instance,  if  F  6  TV[C)  then  F({0})  6  TV{k)  and  F({1})  €  FF(B).  So 
^’({l})({0})  e  implying  4(F)  =  (F({0}),F({1})({0}))  €  FF(A  ®  B)  =  FP(C). 

The  notation  iLsed  for  these  fimctions  suggests  that  they  are  the  pairing  and  projection  fimctions 
that  yield  the  isomorphism  FF(C)  x  !FV{Q)  =  TV{C).  The  following  theorem  confirms  that  this 
is  the  case. 

Theorem  3.1.4  For  F,G  e  !FV{C),  the  following  are  soMsfied: 

(i)  4([f,g]c)  =  f, 

(u)  4([^’.(?]c)  =  G, 

(iii)  [4(f),4(f)]c  =  f. 


Proof: 

(i) 

4([F.Glc)  =  4{{FmUFi{l}),G))) 

=  (F({0}),F({1})) 

=  F  (since  F  e  FF(C)); 

(ii) 

4([^’,Glc)  =  4((^({0}),(^({1}),G)))  =  G; 

(iii) 

[4W,4(^’)]c  =  [(^’({0}).F({l})({0})),F({l})({l})]c 

=  (F({0}),F({1})) 

=  F. 


So  these  are  the  pairing  and  projection  mappings  that  make  FF(C)  x  FF(C)  =  FF(C)  explicit. 

■ 

Now  define 


D  :=Y(AXCIos(Ao4C)). 

Observe  D  =  C!os(D  o-)^C).  So  Clos(D)  =  D,  implying  that 

Do4C  =  CIos(Do-j^C)  =  D. 

Because  of  the  highly  specialized  construction  of  D,  we  find  that  it  satisfies  a  number  of  interesting 
properties. 

Theorem  3.1.5  (Scott)  FV{D)  x  FF(D)  ^FF(D). 
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As  in  Theorems  3.1.2  and  3.1.4,  we  start  with  a  rough  sketch  of  the  isomorphism,  then  construct 
specific  fimctions  that  yield  the  isomorphism.  We  expect  the  following  to  hold: 

J-P(D)  X :FP(D)  =  TV{Do^Q)^TV{£io-^q 

“  [TT{^)  ^  TV{C)]  X  \TV{0)  -t  TViC)] 

^  [J-p(D)  {TV{q  X  TViC))] 

^  ^  3^V{C)] 

^  rp{Dc^q 

=  TV{D). 

Informally,  this  says  that  elements  of  type  D  can  be  viewed  as  pairs  of  elements  from  type  £>, 
and  vice  versa.  In  order  to  make  this  isomorphism  explicit,  we  provide  the  pairing  and  impairing 
operations  as  follows.  The  pair  of  elements  F,  G  of  type  D  is  denoted  [jP,  G]d  and  is  defined  to  be 

[F,G]d:=>A:D.[F(X),G(X)]c 

while  the  projection  fimctions  (F),7rP(G)  which  yield  the  reverse  direction  of  the  isomorphism 
are  defined  to  be 

7rS’(F)  :=  AA:  D.4(F(A)),  7r^{F)  :=  AX:D.7rf  (F(A:)). 

Observe  that  when  F,G  €  FP{D)  =  FV{D<^q  we  have  F{X),G{X)  6  FP{q  for  all  X  6 
FV{D).  So  [F(X),G(X)]c  e  TT{q,  implying  [F,G]d  =  AX:D.[F(A),G(A)]c  e  FV{Do^q  = 
TV{D).  So  [•,♦]□  is  well-defined.  Similarly,  typeciiecking  and  tt^  confirms  that  they  are  well- 
defined.  We  now  verify  that  these  do  indeed  behave  as  product  and  projection  mappings. 

Theorem  3.1.6  For  F,  G  6  TV{0)j  the  follovnng  are  satisfied: 

(i)  7rg>((J?,G]D)  =  ^’, 

(ii)  7r?([F,G]D)  =  G, 

(iii)  [7rS>(J’),^P(F)]D=F. 

Proof: 

(i) 

^°(IF>G]d)  =  AX:D.4([F,G]d(A)) 

=  AX:  D.4((Ay:  D.[F(y),  G(y)]c)  (X)) 

=  AX;D.7rC([P(X),G(X)]c) 

=  XX:D,F{X) 

=  F. 

(ii)  A  similar  argument  as  (i)  is  used  to  show  7rP([F,  G]d)  =  (?. 
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(iii) 

[7rS>(J’),^i^(F)]D  =  AX:D.K°(F)(X),7r?(F)(X)]c 

=  AX:D.[(Ay:D.4(F(r)))(Z),  (AF:D.7rf  (ii’(y)))(X)]c 
=  AX:D.[^o^(F(Z)),^f(i?(X))]c 
=  AX:D.F(X) 

=  F. 


Theorem  3.1.7  (Scott)  [FV['a)  ^  TV(D)]  ^TV{U). 

Functions  that  give  this  isomorphism  are  provided  and  proved  below.  The  intuition  behind  this 
isomorphism  is  as  follows: 

[FV{G) FV{D)]  =  (^73(D)->.F7’(Dc^C)] 

^  {FV{0)  [TV{D)  :FP(C)]] 

“  [{FVip)  X  FV{D))  FV{C)] 

^  [FT{D)  ^  FV[q] 

S  5-p(Do4C) 

=  FV{D). 

Reading  from  bottom  to  top,  this  equation  says  that  every  element  of  D  can  be  viewed  as  a 
fimction  from  D  to  D.  In  particular,  to  make  this  direction  of  the  isomorphism  explicit,  we  define 
the  map  $d  :  .^^(0)  [TV[D)  -4  TV{D)]  by 

MF)-=X^XY-.D.F{[X,Y]u% 

while  the  rever.se  direction  TViD)]  FV{£))  is  defined  as 

'Fd(/)  :=AX:D./(7r„°(X))(,r?(X)). 

Theorem  3.1.8  and  $d  o.re  well-defined. 

Proof:  Let  F  e  FV^D)  be  given.  Claim:  ^dCF")  G  [FV{0)  -4  F'P[T))\.  Let  X  e  FV{D)  be  given. 
Let  G  :=  ^d{F){X).  Then  G  =  Ay:D.F’([A',y]D).  So 

CoGoD  =  \Z.C{G{D(Z))) 

=  AZ.C(Ay.F([X,y]D)(D(Z))) 

=  AZ.C(F([X,D(^)]d)) 

=  XZ.F(IX,D(Z)]d) 

=  XZ:D.F(,{X,Z]d) 

=  G. 

So  G  6  .?'P(Do-4C)  =  FT{D),  Since  X  was  arbitrary,  ^dC-P)  €  [T'P{jy)  -t  FVip)\.  So  $d  is 
well-defined. 
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Now  let  /  e  [^7’(D)  5’7’(D)]  be  given  and  let  F  :=  ’I'd(/).  Observe 

CoFoD  =  XZ.C{F{D{Z))) 

=  AZ:  D.C(AX/(7r„“(X))(^?(X))(Z)) 

=  AZ:D.C(/(,rS’(Z))(^P(Z))). 

But  for  Z  €  FV{D),  irP(Z)  6  FV{D)  so  /(7rP(Z))  G  FF(D)  =  ^F(Do-f  C).  Since  irP(Z)  G  D,  it 
follows  that  /(7rP(Z))(7rP(Z))  €FV{C).  So 

C(/(7rP(Z))(7rP(Z)))  =  /(7rS>(Z))(7rP(Z)), 


hencie 


C  o  F  o  D  =  AZ;  D./(irS’(Z))(7rP(Z))  =  F. 

So  F  G  FF(£)  0-4  (7)  =  FF(D).  Hence  is  well-defined.  ■ 

Theorem  3.1.9  =  id[jrp(D)_>jrp(D)]  and  o  =  idrp(D)- 

Proof:  Let  X  G  FV{D)  be  given.  Observe 

•^oiMF))  =  'I'D(XK^Ay:D,F([X,y]D)) 

=  AX:D.(Ay:D.F([,rS>(J^),y]D))(7rP(X)) 

=  AZ:D.F([xP(X),^P(X)]d) 

=  AA':D.F(X) 

=  F. 

So  o  =  idj7p(p).  Now  let  /  G  [FF(D)  -4  FF(D)]  be  given.  Notice 

$d(^d(/))  =  #D(AX:D./(,rP(X))(7rP(X))) 

=  X  K4  Ay:  D./(^s>  {[X,  yjo))  y]D)) 

=  J(:h4  Ay:D./(z)(y) 

=  X^/(Jf) 

=  /• 

Hence  ^  =  i^[:F'P(D)-)-:Fp(D)]'  ■ 

Since  we  have  an  isomorphism  between  TV^)  and  its  fimction  space,  we  actually  have  an 
extensional  model.  This  will  be  formalized  in  Section  3.3. 

3.2  Lattice  structure  of  7'P(D) 

Before  proceeding  further  we  should  digress  briefly  to  discuss  the  structure  of  .F'P(D).  We  have 
not  yet  confirmed  that  solution  of  the  domain  equations  that  yielded  D  is  not  trivial.  That  is,  if  it 
turns  out  that  the  D  foimd  above  is  equal  to  A  then  we  will  have  D(Jr)  =  A  for  all  X  G  ^A,  i.e., 
TV{D)  is  a  singleton.  We  confirm  that  this  is  not  the  case. 
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Theorem  3.2.1 


\TV{D)\  >  |J’P(A)|. 

Specifically,  there  exists  a  closure  operation  E  6  TV{D  0-4  D)  such  that 

TV(A)  ^  TV{E)  C  J^V{D). 


Proof:  Define 


E  :=  AP.AX(D(F)(A)({0}),A). 

Notice  that  F  C  D(P)  so  F(A)  ({()})  C  D(F) (A)  ({()}).  ThiLS 

F(^)  C  F{k)  C  (f’(A)({0}),F(A)({l}))  C  (D(F)(A)({0}).  A)  =  £{F){X). 
for  allX.  So  F  C  E(F),  implying  ICE. 

For  any  F  G  ^A  is  easy  to  show  that  E(E(F))  =  E(F)  (massive  use  of  the  (/?)  rule).  So 
I  C  E  =  E  o  E.  Hence  E  is  a  closure  operation.  Furthermore  from  the  definition  we  see  that 
E(F)  =  E(D(F))  for  aU  F,  while  E(F)  e  FV{Do^C)  =  FV{D)  so  D  o  E  o  D  =  E.  Thus 
EeFP(Do4i>). 

Lastly,  the  combinators 


AF.E(F)(A)({0})  :  E0-4A, 

AX.Ay.(A(X),A)  :  A04E. 

yield  the  desired  isomorphism  FV{E)  =  FV{A),  m 

So  by  an  appropriate  choice  of  A,  we  can  include  in  D  whatever  types  we  wish.  For  example, 
notice  that  if  A  =  I  then  the  entire  lattice  structure  of  ^A  is  available  as  a  retract  of  FV{D). 

Definition  3.2.2 


±:=D(0),  T:=D(A)=A 

Theorem  3.2.3 

[1,±]d  =  1,  (T,T]d  =  T. 

Proof:  By  its  construction,  [•,•]□  is  continuous  (as  are  all  of  the  other  operations  defined  in  this 
section).  Since  ±  C  ttq  (X)  and  ±  C  7r?(X)  for  all  X  G  FV{D)  we  have  that 

l±,-L]DCK°(X),7rf(X)]D=X 

for  all  X  G  FV{D).  So  [J-,±]d  is  a  least  element.  But  the  least  element  is  imique  so  -L  =  [±,±]d. 
A  symmetric  argument  is  employed  to  show  [T,  T]d  =  T.  ■ 

For  the  remainder  of  this  work  we  will  assume  that  \FV{A)\  >  2,  which  enforces  -L  7^  T. 
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3.3  Modeling  AEP 

Definition  3.3.1  Let  p  he  a  map  from  vo,riaMes  to  TVip).  We  define  interpretation  map 

Aep^J^P(D) 

inductively  as  follov)s: 

(i)  Ifstlp  =  (AX:D.7rS>(X)),  Isnd},,  =  {AX:D.i:°iX)), 

(ii)  Mp  =  p{x), 

(Hi)  [P(C3)Ip  =  $D(Ii’W(IQl,), 

(iv)  |(A3;.P)]^  =  ^p(a  I-4 

(v)  [(^’,Q)]^  =  [IPI^,[Q1,]d. 

Theorem  3.3.2  (PP(D),  [-1^)  is  a  model  for  XEP+  (jy)  +  (SP). 

Proof:  The  axioms  (R),  (S),  (T),  (C),  (^),  («),  and  (/?)  follow  jiLst  as  in  the  proof  of  Theorem  2.4.3. 
So  to  get  AEP  we  miLst  verify  (7)  and  ((^): 

I(P,Q)(R)]^  =  $D(I(P,Q)]a)(Ma) 

=  (X  H4  AY:  D.I(P,  Q)I,([Ji:,  y]D))([P],) 

=  Ay:D.I(P,Q)],([[Rl^,y]D) 

=  Ay:D.[[Pl„tQl,]D([[P]„y]D) 

=  AY:  D.(AX:D.[[P]^(J^r),  tQ],(X)]c)(l[Pl„  Ylo) 

=  AY:  D.[IPlp([IP]„  YId),  (0],([[P1„  Y]d)]c 

=  AY:D.[$D(IPy(}P]^)(Y),#D(IQ],)(M,)(Y)]c 
=  AY:D.[[P(P)1,(Y),[Q(P)1,(Y)]c 

=  [(P(R).Q(P))1„ 


|A3:.(P,Q)],  =  ^D(a^[(P,0)l,(,.=„)) 

^p(aH4  [|PJ/>(3::=a))  [QJy>(x:=ft)lD) 

=  AY:  D.[[Pl^(,,^,0(y)) ,  IQl,(,.=.D(y))]p  (Trf  (Y)) 

=  AY:D.[[Pl^(,^^,o(i,))(7r?(Y)),  IQI,(..=.0(^))(7r?(Y))]c 
=  AY:D.[^D(a  ^  [P],(,..:=„))(Y),^d(«  [Ql,(.:=„))(y)]c 

=  [%(a  h4  lP]p(,T:=a)),  'I'd(o  IQ1p(x:=o))]d 
=  [IA.r.P]^,IA.T,Q]^]D 
=  I(A^.P,A®.Q)1,. 

Also 

[fst((P,Q))],  =  (AX:D.7rJ>(X))[[IP],.[Ql,]p]p 

=  IPh 
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and 


[snd((P,Q))|,  =  (AZ;D.,rf(X))[[|P]„lQl^]D]D 

=  ’r?([|P]„IQl,]D) 

=  101. 


We  see  that  this  model  also  satisfies  (SP): 

[(fst(P),snd(P))I^  =  [^?(IP1.),^?([P1,)1d  =  [PI.. 


Now  we  see  that  {rfj  is  satisfied;  for  any  term  P  and  variable  x  that  is  not  free  in  P, 


[{A,r.P(.T))l,  = 


'I'd (.A  M-  [P(.r)]p(^,.=X)) 

^d(-4  ^d([P]p(t,:=A))([®1,)(x:=A))) 

^d(.A  K4  $d([P].)(>1)) 
^d($d(IP].)) 

[PI. 


3.4  Generalized  Application  and  Abstraction 

Just  as  in  Section  2.5  we  can  define  lambda  abstraction  of  argmnents  for  arbitrary  continuous 
fimctions  / :  {TV{D))”'  J^V{D)  and  apphcation  between  arbitrary  elements  F,0  ^  .F7^(D). 

Definition  3.4,1  For  f:  {FV{p))'^  -¥  FV{D)j  we  define  for  n> 

{AXi,f{Xu  . . .  ,  Xn))  :=  (X2, . . .  ,  Xn)  ^^D{Xi^f{Xu...,  Xn)) 


o>nd 


AX.fiX)  :=^d(/). 


For  any  F^G  e  FV{0)  we  define 


F[G]o  :=  ^d{F){G). 

We  will  use  these  notations  intercJiangeably  in  the  sequel. 

Again,  it  is  easy  to  check  that  these  generahzed  versions  of  lambda  abstra(ition  and  apphcation 
satisfy  the  axioms  for  AEP.  (R),  (S),  (T),  (C),  (^),  and  (a)  are  trivial,  while  the  (/?)  rule 

{AX,f{X))[Y]o  =  f{Y) 


and  the  the  (7)  rule 


hold  by  Theorem  3.3.2. 


[F,G]o{X]o^[F[X]oMX]d]d^ 
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4  A  Model  for  the  Lambda  Calculus  with  Applicative  Lists 

The  model  for  AEP  biiilt  on  J^V{D)  in  the  last  section  tinrns  out  to  have  all  of  the  elements  needed 
for  a  model  for  AAL.  In  this  section,  we  find  interpretations  for  the  atoms  of  AAL  in  ^'P(D),  thus 
finding  a  model  that  satisfies  the  axionas  from  Section  1.2. 

4.1  Booleans  and  Conditionals:  true,  false,  and  cond 

To  begin,  we  need  to  find  interpretations  of  true  and  false  in  the  model  (denoted  tt  and  ff,  re¬ 
spectively).  The  boolean  type  is  traditionally  represented  as  the  fom-element  lattice  B  (shown 
in  Figure  1),  with  the  elements  T  and  ±  representing  nonterminating  (computation  or  an  error 
condition. 


Figure  1:  The  lattice  B  of  boolean  values. 


± 


We  wish  to  choose  these  elements  so  that  there  is  (continuous  function 


satisfying 


cond:  B  x  J^V{D)  x  J^V{D)  TV{D) 


cond(.7;,i/,z)  =  < 


T 

V 

z 


I  -L 


ifa:  =  T, 
if  X  =  tt, 
if  X  =  ff , 

if  X  =  ±. 


(1) 


In  particular,  it  is  crucial  that  tt  and  ff  be  in(comparable;  for  example,  if  ff  C  tt,  then  any 
(continuous  (candidate  for  cond  satisfying  the  above  would  force 


T  =  cond(ff,i.,T)  Ccond(lt,l,T)  =  _L, 
which  is  (dearly  a  (contradkction. 

This  next  result  gives  us  elements  of  the  model  and  a  (closure  operation  corresponding  to  this 
type. 


Theorem  4.1.1  There  exist  elements  tt,ff  of  the  model  and  a  closure  opera, tion  bool  such  that  the 
la,ttice  of  fixed  points  o/  bool  is  B. 


Proof:  Following  a  suggestion  of  Scott,  we  define  It  :=  [T,  J_]d  and  ff  :=  [J_,  T]d.  Notice  that 


±  =  [±,  T]d  C  [T,  ±]d  =  tt  C  [T,  T]d  =  T 
±  =  [±,  T]d  C  [T,  T]d  =  ff  C  [T,  T]d  =  T 
tt=[T,T]Dg[±,T]D=ff 
ff=[±,T]D2[T,l]D=tt 
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as  desired. 

Now  let  / :  TV{D)  -4  {±,  T}  be  defined  by  /(±)  ;=  ±  and  f(X)  :=  T  for  all  X  ±,  and  note 
that  X  C  f{X)  for  all  X.  Define  bool:  J^V{D)^Mhy  booI(X)  :=  [f{ir^{X))J{7^^{X))]D.  Since 
boo!  is  the  composition  of  continuous  functions,  it  follows  that  bool  is  continuous.  Furthermore, 
notice  that  X  =  [TT^{X),7r^{X)]o  C  lf{'K^{X))J{'jr^{X))]o  =  bool(Z).  Let  X  =  [U,V]d  be  in  the 
range  of  bool.  Then  U  and  V  are  in  the  range  of  /;  that  is,  U,V  e  {-L,  T}.  So  X  6  B.  Lastly,  it 
is  eai?y  to  verify  that  {J_,  tt,ff,  T}  are  fixed  points  of  bool.  So  bool  is  a  closure  operation  with  fixed 
point  lattice  B.  ■ 

Now  that  we  have  introduced  booleans,  it  is  only  a  small  step  to  get  an  “if-then”  construct. 

Theorem  4.1.2  There  exists  a  continuous  mapping  cond:  B  x  TViD)  x  T'P{D)  TV{D)  satis¬ 
fying  Equation  1. 


Proof:  Let  the  function  bool:  J^V{D)  — B  be  as  in  Theorem  4.1.1.  We  define  the  operator 

cond:  B  x  TV{D)  x  TV{D)  TV{D) 


by 


cond(X,  y,  Z)  :=  (7r?(X)  D  (7r?(X)  U  Y))  U  (X)  D  (7r?(X)  U  y)) . 

The  continuity  of  cond  follows  from  the  fact  that  it  is  the  composite  of  continuous  fimctions. 
To  see  one  case  of  Equation  1,  observe 


cond(ff,y,Z) 


(in(Tuy))u(Tn(-Lu^)) 
(1  n  T)  u  (T  n  z) 

±uz 

z. 


The  other  cases  are  equally  straightforward.  ■ 

We  have  found  interpretations  of  the  booleans  and  the  condition  fimction  in  the  model.  We  set 
[true]^  :=  tt  and  |false]^  :=  ff  for  all  /?,  and 

IcondJ/,  :=  AX.Ay.AZ.cond(bool(X),y,Z) 

for  all  p. 

Theorem  4.1.3 


[cond(true)(P)(Q)l^  =  [P|^, 
[cond(false)(P)(Q)lp  =  |Q]p. 


Proof:  Notice  that 


[cond(true)(P)(Q)Jp 


[cond]p[[true]^]D[[PyD[tl31,,)D 
(AX.AyA^.cond(bool(X),  y,  ^))[tt]D[[Pl^]D[|Ql;,]D 
cond(tt,  IPJp.IQIp) 


for  all  /?.  The  proof  for  false  is  similar. 
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4.2  List  Construction:  nil  and  cons 

We  wish  to  find  interpretations  of  nil  and  cons  that  facilitate  the  construction  of  the  hst  manipu¬ 
lation  fimctions.  We  define 


Inill^  :=[tt,T]D 


and 


[cons]^  :=  AXAL.[ff,  [X,  L]d]d. 

The  choice  of  nil  and  cons  here  is  crucial  in  order  to  get  fists  that  satisfy  the  applicative 
property  (the  7-rule  fisted  in  Section  1.2).  We  verify  that  this  rule  holds. 

Theorem  4.2.1  For  all  n  >  0  and  terms  M, ^En,  the  following  equation  holds: 

(2) 

Proof:  First  note  that  for  all  X  G  .F'P(D), 

tt[X]D  =  [T,±]d[X]d  =  [T[X]d,±[X]d]d  =  [T,±]d  =tt, 

and 


ff[X]D  =  [±,T]d[X]d  -  [-L[X]d,T[X]d]d  =  [±,T]d  =ff. 
We  proceed  by  induction  on  n.  If  n  =  0,  then 


for  all  p.  Now  assume  n  >  1.  Then 


[nil][[Ml^]D 

[tt,T]D[[M]^]D 
[tt[[Mj]D,  T[[M]^]d]d 
[tt,T]D 


l(Ei,...,E„}{M)\,  = 


[cons(£:i)((^,...,S„))(M)l^ 

[ff)  [[-Ell/))  [(-^2,  •  •  •  1  •^n)Ip]D]D[[A/]^]D 

[fflIMl,]D ,  [lEiUlMhh,  m, ....  £;„)I;,[IM]p]d]d1d 

[ff, [[El 1(^2, . . .  ,K)(M)1^]d]d 

[ff,  m  {M)\„  miM),. . . ,  £;„(m))],]d1d 
lcons{Ei{M))miM), K(M)»]^ 
l{Ei{M),...  ,En(M))], 


for  all  p. 

Hent^e,  the  applicative  property  is  preserved  in  this  model. 
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4.3  List  Manipulation:  head,  tail,  and  null 

We  now  finish  up  the  proof  by  exhibiting  the  remaining  atoms  of  AAL  and  verifying  their  properties. 
Definition  4.3.1 


[head]/,  :=  AL.cond(bool(7rS^(L)),  [nil]/,,  7r^(7rf  (L))), 

Itail]^  :=  AL.cond(bool(7r°(L)),  [nill^,7r?(7rf  (L))), 

Inulljp  :=  Ai.bool(7ro  (L)). 

Theorem  4.3.2  The  following  (5)  mles  are  satisfied: 

[head(())l^  =  [01^,  [head((A;i, . . .  ,  S„))],  =  {E^lp, 

[tail(())Ip  =  lot,  Itail({Si,...  ,En))\p=l{E2,...  ,En)\p, 
[null(())t  =  [truet,  [null((A;i, . . .  , £;„>)t  =  [falset- 

Proof: 

|head(nil)t  =  [head]^[[nilt]D 
=  [head]p[[tt,  T]d]d 

=  (AL.cond(bool(^„D(L)),  (L))))[[tt,  T]d]d 

=  cond(lt,[nilt,7rJ’(T)) 

Ihead(cons(A)(A))t  =  [headt[[ff,  [[At.  [itlolDlD 
=  lAV, 


[tail(iiil)t  =  |tail][[tt,T]D]D 

=  [nilt, 


[tail(cons(A)(L))t  =  |tail]p[[ff,  [[At,  [AtlololD 

=  [it; 


|null(nil)t  =  bool('/ro  (nil))  =  bool(tt)  =  tt  =  [truet, 


|null(cons(A)(L))t  =  bool(jrS’ ([ff,  [[At,  [itlolo))  =  bool(ff)  =  ff  =  [falset 

for  all  p. 
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4.4  Modeling  AAL 

Theorem  4.4.1  (.F7^(D),  [-J^)  with  the  interpretoMons  o/head,  tail,  cons,  nil,  null,  true,  false, 
and  cond  defined  as  above  yields  a  model  for  \AL+  [t]). 

Proof:  That  I*],,)  satisfies  (R),  (S),  (T),  (C),  (f),  (a),  (/?),  and  (77)  follows  from  Theo¬ 

rem  3.3.2.  The  (7)  rule  follows  from  Theorem  4.2.1  and  the  (5)  rule  is  shown  in  Theorems  4.1.3 
and  4.3.2.  - 


5  Conclusions  and  Future  Research 

We  have  accomplished  the  main  goal  of  finding  a  model  (a  class  of  models,  in  fact)  for  AAL.  Along 
the  way  we  discussed  models  for  A/?  and  AEP,  which  are  interesting  in  their  own  right. 

The  freedom  of  choice  of  A  when  building  up  D  allows  a  rich  family  of  types  to  be  embedded  in 
these  models.  It  would  be  interesting  to  explore  semantic  models  that  take  advantage  of  this  feature 
to  model  more  complicated  languages.  Also,  the  construction  of  these  models  embues  them  with 
specific  properties  that  may  be  worth  studying;  for  instance,  the  fact  that  J’P(D)  =  0-4  (7) 

implies  that  the  models  for  AEP  and  AAL  are  extensional.  The  model  for  AEP  is  interesting  in 
that  it  satisfies  the  snrjecfdve  pairing  property,  [7r^(F),7rP(F)]D  =  F,  which  is  not  required  by  the 
axioms  for  convertability  in  AEP. 

The  construction  of  lists  for  AAL  based  on  the  pairing  of  AEP  can  be  mimicked  for  a  wide 
variety  of  types,  such  as  trees.  Also,  it  might  be  worth  considering  models  similar  to  this  one  for 
“folding”  hsts  instead  of  applicative  lists. 

There  remain  several  open  questions.  For  example,  is  there  an  encoding  of  pairing  in  pure- 
lambda  calculus  terms  that  has  projections  and  the  applicative  property?  Note  that  [KI08O]  shows 
that  there  is  no  encoding  for  surjectAve  pairing  in  pure  lambda  calculiLs  terms.  If  there  is  an 
encoding  for  pairing  without  the  (SP)-rule,  could  encodings  for  the  atoms  of  AAL  be  foimd  so  that 
the  remaining  ((^)-rules  are  satisfied? 
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